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Dynamic Response of Axisymmetric Solids
Subjected to Impact and Spin

Gordon R. Johnson*
Honeywell, Inc., Hopkins, Minn.

A numerical method is presented to obtain solutions for axisymmetric solids subjected to impact and spin. The
method is based on a finite element formulation wherein the equations of motion are integrated directly rather
than through the traditional stiffness matrix approach. The formulation is given for axisymmetric triangular
elements which can experience large strains and displacements in the radial, axial, and angular directions. The
effects of material strength and compressibility are included to account for elastic-plastic flow and wave
propagation. The addition of angular displacements allows the effect of twisting to be included in the analysis.
The radial and axial equations of motion are applied in the usual manner, whereas the angular (spin) equations
of motion are obtained by conserving angular momentum; this allows the angular velocities of the nodes to be
altered by a change in radial position and/or shear stress induced tangential forces acting on the concentrated
masses. The numerical method can also be used to obtain steady-state solutions for spinning solids.

Introduction

A COMMON loading condition for axisymmetric solids is
the combination of spin and impact. Although there are

many two-dimensional computer codes available to compute
the response due to impact,1"4 the effect of spin is usually
ignored. This paper presents a numerical method that allows
the spinning effect to be included. It is an extension of the
formulation in the EPIC code,1 which is based on a finite
element Lagrangian technique, where the equations of motion
are integrated directly rather than through the traditional
stiffness matrix approach. In addition to the inclusion of spin,
the present formulation is valid for the general class of
dynamic responses, whereas the original EPIC code was
primarily intended only for high-velocity impact problems.
The high-velocity limitation was imposed since the material
was treated as rigid-plastic after the onset of yielding. As a
result, elastic effects were ignored thereafter. The present
EPIC-2 code computes stresses on an incremental basis such
that both elastic and plastic stresses are considered at all
times. This allows for elastic "snapback" which can be
important for lower velocity impact. An additional feature of
the computational technique is the ability to obtain steady-
state solutions for spinning bodies.

Formulation
A schematic representation of the computational technique

is shown in Fig. 1. The first step in the process is to represent
the geometry with triangular elements having specific
material characteristics. For the work presented herein,
triangular elements are used, since they are well suited to
represent the severe distortions that often occur during high-
velocity impact.1 Then the distributed mass is lumped at the
nodes (element corners), and initial velocities are assigned to
represent the motion at impact.

After the initial conditions are established, the integration
loop begins as shown in Fig. 1. The first step is to obtain
displacements and velocities of the nodes. If it is assumed the
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lines connecting the nodes (element edges) remain straight,
then the displacements and velocities within the elements must
vary linearly. From these displacements and velocities, the
strains and strain rates within the elements can be obtained.
Since the strains and strain rates are generally derivatives of
linear displacement and velocity functions within the
elements, the resulting strains and strain rates are generally
constant within the elements.

The stresses in the elements are determined from the
strains, strain rates, internal energies, and material
properties. The stresses are obtained by combining elastic or
plastic deviator stresses with hydrostatic pressure. The
deviator stresses represent the shear-strength capability of the
material, and the hydrostatic pressure is obtained from the
volumetric strain and internal energy of the element. An
artificial viscosity is also included to damp out localized
oscillations caused by representing continuous media with
lumped masses.

After the element stresses are determined, it is necessary to
obtain concentrated forces at the nodes. These forces are
statically equivalent to the distributed stresses within the
elements and are dependent on the element geometry and the
magnitude of the stresses. When the concentrated forces are
applied to the concentrated masses, the nodal accelerations
are defined, and the equations of motion are applied to
determine new displacements and velocities. The integration
loop is then repeated until the time of interest has elapsed.

-AXIS OF SYMMETRY

INITIAL CONDITIONS INTEGRATION LOOP

Fig. 1 Schematic representation of the finite element computational
technique.
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Fig. 2 Geometry of an axisymmetric element.
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Geometry
A typical axisymmetric triangular element is shown in Fig.

2. It is geometrically defined by nodes /, j, and m, with the
mass of the element being equally distributed to concentrated
masses at the nodes. When a node is contained by more than
one element, the total mass at node /, M/, is equal to one-third
the mass of all elements that contain that node. For an
axisymmetric finite element model, the concentrated masses
can be visualized as concentric circular rings contained in
planes that are perpendicular to the axis of revolution. These
rings can move up and down along the axial direction (Z axis)
and can expand and contract in the radial direction (R axis).
In addition, they are allowed to experience rotations 6 about
the axis of revolution. The coordinates of node / are
designated rit Zj, 0/, and the radial, axial and tangential
velocities are designated «,, vit vi>,, where w/ =r /0 /.

Strains and Strain Rates
The incremental strains which occur during each cycle of

integration are obtained by mutiplying the strain rates by the
integration time increment. The strain rates are obtained from
the current geometry of the element and the velocities of the
nodes. If it is assumed that the lines connecting the nodes
remain straight, then the displacements and velocities within
each element must vary in a linear manner. Then the velocities
within the element can be expressed as

dw

— otj +oL2r+ct3z (1)

(2)

(3)

where a/ ...a9 are geometry and velocity-dependent constants.
It is possible to solve for a/, ot2> <*3 by substituting the radial
velocities and coordinates of nodes /, j, m into Eq. (1). This
gives three equations and three unknowns such that Eq. (1)
can be expressed in terms of the element geometry and nodal
velocities.

(4)(am+bmr+cmz)um]

where af =rjZm-rmZj,bi=Zj-zm, ci=rm-rj, and A is the
cross-sectional area of the element in the R-Z plane. The other
velocities (t), H>) are identical to Eq. (4) except that the radial
velocities are replaced by the axial and tangential velocities.

After the velocities are obtained, it is possible to determine
the normal strain rates (er, ez, ee), the shear strain rates (yrz,
yre> Jze)» and tne localized rotational spin rate of the element

- L (^L - — \
^rz~ 2 \dr dz /

(10)

(11)

It can be seen that Eqs. (5), (6), (8), (10), and (11) are
derivatives of linear functions and are therefore constant
within the element. Equations (7) and (9) involve averages of
the nodal velocities (u and w) and the three radii (r), so they
are not necessarily constant. It is also necessary to use an
equivalent strain rate which is expressed as

(12)

An equivalent plastic strain ep gives a measure of the
distortion in the element and can be used to determine strain
hardening effects for the material stength. It is obtained by
integrating I with respect to time during plastic flow.

(13)

where At is the integration time increment. It should also be
noted that subsequent computations will involve deviator
strain rates (er,ez,ee) which are readily obtained from the
normal strain rates (er,ez,ee).

Stresses and Pressures
The stresses in the elements are determined from the

strains, strain rates, internal energies, and material
properties. The three normal stresses (ar,az,ae) are expressed
in terms of deviator stresses (sv,^,^), hydrostatic pressure P,
and artifical viscosity Q.

or=sr-(P+Q)

0z=sz-(P+Q)

ad=se-(P+Q)

Trial values of the deviator stresses at time = / + A/ are

f =s'r +2GerAt-2r'rzurzAt

(14)

(15)

(16)

(17)

(18)

(19)
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In Eq. (17) the first term (sf
r) is the radial stress at the

previous time, and the second term (2Gerkt) is the in-
cremental stress due to the incremental strain (erAt) during
that time increment, where G is the elastic shear modulus. The
third term (2r{

rzurz&t) is due to shear stresses from the
previous time increment, which now act as normal stresses
due to the new orientation of the element caused by an in-
cremental rotation (w^AO during the time increment. The
axial stress has the same form as the radial stress, and the
tangential stress is also similar except there is no contribution
from rotated shear stresses.

The trial values of the shear stresses are formulated in a
similar manner

(20)

(21)

(22)

The rotational terms can only be significant for stresses in the
R-Z plane since the elements can rotate in this plane without
experiencing strain rates. For the other stresses involving 6,
the analogous rotations cannot occur without inducing strain
rates, and the effect of the rotational-induced stresses is small
compared to the strain rate induced stresses.

It should be recalled that Eqs. (17-22) represent trial values
of the stresses and they must be reduced if they violate the
Von Mises yield criterion. An equivalent stress is given by

node / of an element, are

Fl
r = - Zj ~Zm)ar + (rm -rj)Trz]~ (2/3)irAae

£ +7^ +T2
ze ) (23)

If a is not_greater than the equivalent tensile strength of the
material, S, the final deviator and shear stresses are as given
in Eqs. (17-22). If a is greater than 5, then the stresses in Eqs.
(17-22) must be multiplied by the factor (S/a). When the
reduced deviator and shear stresses are put into Eq. (23), the
result is always a = S.

The hydrostatic pressure is dependent on the volumetric
strain, and sometimes the internal energy in the element. For
lower impact velocities where the volumetric strain is
generally small, the pressure can be adequately obtained from
the bulk modulus and the volumetric strain. For higher im-
pact velocities the effect of internal energy in the element can
be significant and should be included, as it is in the Mie-
Gruneisen equations of state. 5

The artificial viscosity is combined with the normal stresses
to damp out localized oscillations of the concentrated masses.
It tends to eliminate spurious oscillations that would
otherwise occur for wave propagation problems. This
technique was originally proposed by Von Neumann and
Richtmyer6 and has been expanded for use in various
computer codes.7 It is expressed in terms of linear and
quadratic components and is applied only when the
volumetric strain rate is negative:

Q = CLpcsh\ev\+C2
0ph2(ev)2 for ev<0

Q = 0 forev>0 (24)

where cs and p are the sound velocity and density of the
material, h is the minimum altitude of the triangle, and CL
and CQ are dimensionless coefficients.

Concentrated Forces
After the element stresses are obtained, it is necessary to

determine concentrated forces to act on the concentrated mass
at the nodes. This is done by obtaining the concentrated forces
which are statically equivalent to the distributed stresses in the
elements. The radial, axial, and tangential forces acting on

(25)

(26)

(27)

In Eq. (27), the factor r/rf is included in the expression in-
volving the shear stress in the R-6 plane. This is necessary to
satisfy the equilbrium condition in this plane, which is
(5r^/ar) + (2r^/r)=0 (Ref. 8). It is clear from this con-
dition that the shear stress cannot be a nonzero constant, but
rather must vary as a function of the radius. This stress is
dependent on y^ in Eq. (9) and is not necessarily constant
since 7^ involves averages of the three nodal displacements
and radii. Therefore, f/rt in Eq. (27) represents the effect of a
variable shear stress in the element. The net forces at node
i(F'r, Fl

z, F'e) are the sum of the forces from each of the
individual element forces at that node.

Equations of Motion
The equations of motion are integrated by assuming a

constant velocity for each time increment. The acceleration of
node / in the radial direction at time = / is

The first term is due to stress-induced forces and the second
term is due to spin. The updated velocity for the next time
increment is

(29)

where u\~ is_the constant velocity for the previous time in-
crement and A/ is the average of the two integration time
increments about time = /. The expression in the second set of
parentheses can be used to damp out the radial velocities to
give steady-state solutions for spinning bodies. If the constant
CD is set equal to twice the sound velocity of the material, the
system will be approximately critically damped and the
steady-state solution will be attained rapidly. This will later be
demonstrated in an example. Finally, the new radial
displacement at time = t + A? is

u\+*=u\ + u\+ A/ (30)

The equations of motion for the axial direction have a similar
form except that the spin effects for the acceleration and the
damping effects for the velocity are not included.

For angular (tangential) equations of motion it is necessary
to consider the angular momentum H of each concentrated
mass. This gives

=Ht
i (31)

By substituting /// = ^/r/M/ into Eq. (31) it is possible to
determine the updated rotational velocity.

It should be noted that even if the net tangential force F'e is
equal to zero, it is possible for the spin to change if the radius
changes between times t and t + A/. It is therefore necessary to
obtain the new radial position at / + A/ before obtaining the
new rotation velocity at f +A/.

The integration time increment must be controlled to
prevent numerical instability. This is done by limiting the time
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Fig. 3 Wave propagation resulting from the impact of two
aluminum bars at 800 m/s.
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Fig. 5 Dynamic response of an elastic spinning hoop and a spinning
disk subjected to a suddenly applied spin.

APPLIED TORQUE

THIN WALLED CYLINDER

to
CO

£

i

NUMERICAL —— ,
SOLUTION V ^

. - -^^^^vv y \

DISTANCE FROM END OF CYLINDER

Fig. 4 Shear wave propagation in an elastic hollow cylinder.

0.2

FINITE ELEMENT MODEL OF SPINNING DISK

TANGENTIAL
STRESS, Oi,

ANALYTIC SOLUTION
NUMERICAL SOLUTION

RADIAL-
STRESS.OV

0 0.2 0.4 0.6 0.8 1.0

DISTANCE FROM CENTER OF DISK l^-\

Fig. 6 Stress distribution in an elastic spinning disk.

increment to

(33)

where g2 -C2
0Qlpt h is the minimum altitude of the triangle,

and cs is the second velocity.7 The constant Ct must be less
than unity to insure that At is always less than the time
required to travel across the shortest dimension of the triangle
at the sound velocity of the material.

Examples
The preceding formulation has been used to develop a

computer program, EPIC-2 (Elastic-Plastic Impact Com-
putations in 2 dimensions plus spin), and solutions to the
example problems were obtained with this program. The first
example, in Fig. 3, shows two aluminum bars impacting at
800 m/s. This one-dimensional problem demonstrates the
capability of providing compressive wave propagation
solutions. It also shows the effect of material strength with a
higher-velocity elastic wave at the leading edge of the shock
front and the elastic unloading at the rear. This solution is in
good general agreement with that presented in Ref. 2. Ad-
ditional examples of two-dimensional wave propagation in a
liquid are given in Ref. 9.

The capability of providing shear wave propagation
solutions is shown in Fig. 4, where a one-dimensional torque
is suddenly applied to the end of a thin-walled cylinder. It can
be seen that there is good general agreement between the two
solutions, although the numerical solution does oscillate
about the analytic solution. These oscillations exist because
there is no artificial viscosity for the shear mode of defor-
mation. The previously defined artificial viscosity in Eq. (24)
is affected only by volumetric strain rates. The need for ar-
tificial viscosity in the shear mode is not as critical as for the
compressive mode, however. This is because the magnitude of

the shear stress is bounded by the strength of the material,
whereas there is no upper bound for the magnitude of
compressive waves. An example in Ref. 9 shows a com-
pressive wave propagation solution with and without artificial
viscosity. With the unbounded compressive stress, it can be
seen that very radical oscillations can occur if the artificial
viscosity is omitted. Since these radical oscillations cannot
occur in the shear mode, due to the limitation on the strength
of the material, the accuracy of the shear wave propagation
solution in Fig. 4 is probably adequate for most applications.

A characteristic of spinning bodies is that transient dynamic
responses are introduced if the spin is suddenly applied. This
can be illustrated by considering the case of a hoop subjected
to a suddenly applied spin. It can be shown that the radial
stiffness of a hoop is K = 2irAE/R0 and the mass is M=2
irR0Ap, where A is the cross-sectional area, E is the modulus
of elasticity R0 is the radius, and p is the density. The period
of vibration then becomes T=2^^^fM7K = 2^^R0/cs where
cs =\lE/p is the sound velocity. Figure 5 shows the response
of a hoop subjected to a suddenly applied spin w. For this
problem the hoop is represented by three nodes and one
triangular element. It can be seen that the undamped spinning
hoop behaves like a single-degree-of-freedom oscillator
subjected to a suddenly applied force. The response is plotted
as dimensionless stress as a function of dimensionless time.
For the case of the spinning hoop the dimensionless stress is
the ratio of the dynamic stress to the steady-state stress.
Likewise, the dimensionless time is the ratio of elapsed time to
the period of vibration of the spinning hoop. Both the
magnitude of the response and the period of vibration are
identical to those of a single-degree-of-freedom oscillator.

It is often desirable to obtain a steady-state spinning
solution prior to impact. This can be done by assuming the
system is critically damped until a steady-state condition is
achieved. Referring again to a single-degree-of-freedom
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Table 1 Summary of cylinder impact data

Test
HEMP
EPIC-2
EPIC-2
Test
HEMP
EPIC-2
EPIC-2

Impact
velocity,

m/s

252
252
252
252
402
402
402
402

Initial
spin a}°
rad/s

0
0
0

24,100
0
0
0

38,400

Final
length,

L°

0.842
0.842
0.853
0.848
0.635
0.667
0.684
0.675

Final
diameter,

D°
—
—

1.49
1.50
—
—

2.15
2.17

Maximum
twist,
rad

0
0
0

0.114
0
0
0

0.448

Final
spin, co

0
0
0

0.78
0
0
0

0.47

7? t
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EQUIVALENT
PLASTIC
STRAINS

Fig. 7 Impact of a steel cylinder onto a rigid surface at 252 and 402
m/s.

system, the critical damping coefficient is Ccr[t=2Mcs/R0.
Since the resulting radial force is Fcrit = - Ccrit w, the resulting
velocity change during a time increment is Aw = Fcrit A//M = -
2csAtu/R0. This provides the basis for the damping effect in
Eq. (29), where the constant CD can be set equal to twice the
sound velocity (2cs).

The response of a spinning disk is also shown in Fig. 5. The
basic response is similar to that of the hoop, except both the
period of vibration and the magnitude of the stress are much
smaller. The state of stress throughout the disk is shown in
Fig. 6, and it can be seen that there is excellent agreement
between the two solutions. Although the primary function of
the numerical procedure is to obtain solutions for impact
problems, it also provides a very efficient means of computing
linear and nonlinear steady-state solutions for spinning
axisymmetric solids.

The next example demonstrates the capability to represent
plastic flow both with and without spin. Figure 7 shows the
results of a steel cylinder striking a rigid frictionless surface at
impact velocities of 252 m/s and 402 m/s. Spin is not included
for the examples in this figure since the final lengths could be
compared to comparable test data and HEMP simulations in
Ref. 10. A summary of test data and numerical HEMP and
EPIC-2 results is shown in Table 1. The numerical results use
a dynamic yield strength of 1.20 GPa (Ref. 10) and they are
presented for the two impact velocities. The EPIC-2 results

are given for examples with and without spin. The angular
velocities for the spinning examples were selected to be those
which result from a rifled gun barrel with a 0.35 rad twist.

It can be seen from Table 1 that there is good agreement
between the test, HEMP, and EPIC-2 results for the non-
spinning impact examples. The lower portion of Fig. 7 shows
equivalent plastic strain fields for the cylinders with no spin.
As expected, the strains are more severe for the higher velocity
impact.

For the spinning cylinders subjected to the same impact
conditions, the resulting cross-sectional shapes are very
similar to the nonspinning examples shown in Fig. 7. As
shown in Table 1, the final deformed lengths are slightly
shorter and the diameters are slightly larger. Since the ad-
dition of spin only increases the initial kinetic energy by 6.6%,
no significant changes would be expected. The most in-
teresting feature of the spinning examples is that twisting
occurs along the lengths of the cylinders. This is due to the
expanding diameters near the impact interface which tend to
reduce the angular velocities to conserve angular momenta.
The maximum twists for the two cases are 0.114 and 0.448
rad, and the final angular velocities are significantly
decreased for both cases. The resulting equivalent plastic
strains are slightly higher than those shown in Fig. 7.

Summary
A numerical method has been presented for axisymmetric

solids subjected to impact and spin. Various example
solutions have been obtained with the EPIC-2 code to
demonstrate compressive and shear wave propagation,
steady-state spin, and plastic flow. The addition of spin for
the plastic flow impact problems introduced twisting along
the length of the cylinder, but the cross-sectional geometry
was not significantly affected.
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